This research introduces the three parameter transmuted Rayleigh distribution with an application to fatigue fracture data. Using the quadratic rank transmutation map method proposed by Shaw et al. [25] we develop the three parameter transmuted Rayleigh distribution. This research also introduces the new class of weighted Rayleigh distribution by using Azzalini [2] method. Some structural properties of the new distribution are derived such as moments, incomplete moments, probability weighted moments, moment generating function, entropies, mean deviation and the ℎ moment of order statistics. The parameters of the proposed model are estimated using the maximum likelihood estimation and obtain the observed information matrix. The potentiality of the proposed model is illustrated using fatigue fracture data.
Introduction
The Rayleigh distribution is a well-known lifetime distribution introduced by Rayleigh, L [23] and it has been extensively used for modelling data in different areas of engineering and medical sciences. The Rayleigh distribution is the special case of Weibull distribution, is widely used to model events data. The one parameter Rayleigh distributional properties, estimation and characterisations have been studied by many authors, such as Johnson, Kotz and Balakrishnan [10] , Dey and Das [6] , Dey [5] . More recently Sanku, Tanujit and Kundu [24] and Khan, Provost and Singh [16] studied the two-parameter Rayleigh distribution, which has one scale and one location parameter has the following reliability function as
The cumulative distribution function, probability density function and quantile function corresponding to (1) are given by
( ; , ) = 2 ( − )
and
respectively. The median is given by
The hazard function is given by
respectively. where > 0 is the scale parameter and is the location parameter. The two parameter Rayleigh distribution approches to the one parameter classical Rayleigh model when location parameter = 0. Figure  1 displays densities with histogram for two simulated data sets, using equation (4) for the two parameter Rayleigh distribution Gupta and Kundu [8] introduced the new class of weighted exponential distribution using the Azzalini [2] method. For the comparison purpose we introduce the weighted Rayleigh (WR) distribution. The two parameter weighted Rayleigh distribution with parameters , > 0, for > 0 , its (cdf) is given by
where α > 0 and λ > 0 are the scale parameters, respectively. The probability density function (pdf) corresponding to (6) is
As α → ∞, WR (α) converges to the standard Rayleigh distribution. So the Rayleigh distribution can be obtained as a special case of the WR distribution. The ℎ moment ( > 0) of the WR distribution is given by
The ℎ moment of the weighted Rayleigh distribution is in closed form expression. The important features and characteristics of the weighted Rayleigh distribution can be studied through moments, furthermore the bathtub shape property, reliability behaviour, mean, variance, coefficient of variation, coefficient of skewness and coefficient of kurtosis can be analysed numerically using statistical software. Recently sevaral distributions have been proposed from the transmuted family of lifetime distributions. Aryal et al. [3, 4] proposed the transmuted extreme value and transmuted Weibull distributions and examined various structural properties of these models with applications. Khan and King [11, 12] studied the transmuted modified Weibull distribution and the transmuted generalized Inverse Weibull distribution and discussed some theoretical properties of these distributions. Recently Khan and King [13, 14] proposed the Published by Atlantis Press Copyright: the authorstransmuted Inverse Weibull and transmuted modified Inverse Rayleigh distributions for modelling reliability data. More recently Khan et al. [15] proposed the transmuted Chen distribution and investigated various structural properties with an application to reliability data. Recently Merovci [18] studied the transmuted Rayleigh distribution with application to balder cancer data. Merovci [19] studied the transmuted generalized Rayleigh distribution. Yuzhu et al. [27] proposed and studied the transmuted linear exponential distribution and discussed some of its structural properties. Elbatal. et al [7] introduced the transmuted generalized linear exponential distribution and formulated some structural properties of this distribution. By using the quadratic rank transmutation map technique proposed by Shaw et al. [25] , we develop the three-parameter transmuted Rayleigh distribution. According to this approach a random variable X is said to have a transmuted distribution if its cumulative distribution function (cdf) satisfies the following relationship
where ( ) is the cdf of the base distribution, ( ) and ( ) are the corresponding probability density functions (pdf) associated with ( ) and ( ), respectively. It is important to note that at = 0 we have the distribution of the base random variable. The paper is organised as follows, in Section 2, we present the analytical shapes of the probability density and hazard function of the three parameter transmuted Rayleigh distribution. We demonstrate the quantile functions, moment estimation, incomplete moment, probability weighted moment and moment generating functions in Section 3. Entropies and mean deviations are formulated in Section 4. The ℎ moments of ℎ order statistics are derived in Section 5. Maximum likelihood estimates (MLEs) of the unknown parameters are discussed in Section 6 and evaluate the performance of the MLEs using simulations in Section 7. The flexibility and utility of the proposed model is emphasized in Section 8 by using it to model the fatigue fracture data. Concluding remarks are addressed in Section 9.
Transmuted Rayleigh distribution
A random variable is said to have transmuted Rayleigh distribution with three parameters > 0, |λ| ≤ 1 and > . It can be used to represent the failure probability density function given by
The cumulative distribution function corresponding to (11) is
The three parameter transmuted Rayleigh distribution approaches the two parameter transmuted Rayleigh distribution when the location parameter = 0. When the transmuting parameter λ = 0 then the subject distribution approaches to the base model. Here is the scale parameter, is the location parameter and λ is the transmuted parameter which provides more flexibility in the propose distribution. Plots of the densities and hazard functions of the three parameter transmuted Rayleigh distribution are displayed in Figure 2 with different choices of the parameters. If ~TR( ; , , ) then the reliability function (RF), hazard function and cumulative hazard function corresponding to (11) are given by
(15) Figure 2 shows the hazard rates of the TR distribution with different choices of parameters. The TR distribution has increasing behaviour for bathtub shaped hazard rates with different choices of parameters , and the location parameter = 0. 
Moments and Quantiles
This section presents the formulation of the ℎ moment, incomplete moments, probability weighted moments, moment generating function and quantile function of the TR( ; , , ) distribution. 
Proof. By definition the ℎ moment of the TR distribution as follows
the above equation reduces to
the above integral yields the ℎ moment
Corollary: The ℎ moment of the two parameter Rayleigh distribution can be obtained from equation (16) when the location parameter = 0 as
Theorem 2. If has the ( ; , , ) distribution with | | ≤ 1, then the ℎ incomplete moment about ( − ) is given as follows
Proof. By definition the ℎ incomplete moment can be defined as
The above integral reduces to the ℎ incomplete moment as 
Proof. The probability weighted moment of the TRD as follows
Finally, we obtain
(1 − )(−1)
2 (−1) 
Proof. By definition the mgf of the TR distribution as
Using Taylor series expansions, the above integrals reduce to
Using the binomial expansion the above equation reduces to 
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The quantile −1 ( ) of the ( ; , , ) is the real solution of the following equation
By substituting = 0.5 in (21) we obtain the median of ( ; , , ) as follows
Figure 3 displays the variance, coefficient of variation, coefficient of skewness and coefficient of kurtosis as a function of the parameter and = 1 by using equation (17) . Figure 4 shows the median lifetime as a function of the parameter and = 1.
Entropy and Mean Deviation
The entropy of a random variable X with density ( ) is a measure of the uncertainty in the data. A large value of entropy indicates the greater uncertainty. The Rényi entropy [21] is defined as
where
of the TR( ; , , ) can be defined as
the above integral reduces to
Finally we obtain the Rényi entropy as
The entropy was introduced by Havrda and Charvat [9] and is defined as
where > 0 and ≠ 1. The integral in ( ) of the TR distribution can be defined as
using (22) and (24), we obtain the expression of the entropy as
The measure of dispersion in a population is measured by the totality of deviations from the mean and median. If has the ( ; , , ), then we can derive the mean deviation about the mean = ( ) and about the median M by following equations
The mean = ( ) is obtained from (17) with = 1 and the median M is obtained from the solution of the non-linear equation (21), where ( ) can be derived from (11)
where ( , ) = ∫ −1 − 0 is the incomplete gamma function. Hence, the deviation measure in (25) can be obtained from (26) . The quantity ( ) can also be used to determine Bonferroni and Lorenz curves and they are given by
is calculated from (12) for a given probability P .
Order Statistics
Let 1 , 2 , … , be independently and identically distributed ordered random variables from the ( ; , , ) distribution having the pdf of rth order statistics is given by
Substituting (11) and (12) in (27) we obtain
By using equation (19), we obtain the expression for the moments of order statistics of the three parameter transmuted Rayleigh distribution can be defined as
where , + −1 is given in Section 3, Theorem 3.
The measure of skewness and kurtosis of the distribution of ℎ moment of ℎ order statistics can be formulated by using equation (28).
Parameter Estimation
Suppose 1 , 2 , … , be a random samples consisting of observations from the three parameter transmuted Rayleigh distribution. Let Θ = ( , , ) T be the vector of the parameters. Then the log-likelihood function for the vector of parameters Θ can be expressed as
The first order partial derivative with respect to , and then equating it to zero, we obtain the component of the score vector (Θ) is given by
respectively. The maximum likelihood estimates for the parameter vector Θ = ( , , ) T can be obtained by solving the simultaneous equation of the first order partial derivatives. For testing of hypothesis and confidence interval for the parameter vector Θ = ( , , ) T we considered the multivariate normal distribution with the variance covariance matrix and its inverse of the expected information matrix are given by
The 3 × 3 unit observed information matrix, whose elements are given by
=1
The multivariate normal distribution can be used to obtain as an approximate 100(1 − )% confidence intervals for the parameters , and can be determined as
is the upper αth percentile of the standard normal distribution.
Simulation
In this section we evaluate the performance of the MLEs for the three parameter transmuted Rayleigh distribution. Let denote the uniform random variable over the interval [0,1]. We generate the random variable of the subject distribution by using equation (21) and the simulation were carried out by using the statistical software package R. Using the Monte Carlo simulation we generate the random samples of size = 25, 50, 75, 100, 200, 300, 400, 500 from the three parameter transmuted Rayleigh distribution and the BFGS method has been used to minimize the total log likelihood function. We consider the fixed choice of parameter values = 1, = 0.5, = 0.5. The simulation process is repeated for 1000 times and the results were displayed in Table 1 . Simulation study has been performed in order to evaluate the mean estimates, standard error (S.E), bias and mean square error (MSE). These results of simulation suggest that as the sample size increases the method of MLEs provide the better estimates. Figure 5 illustrates the transmuted Rayleigh density with histogram for simulated data set. The plot in Figure 5 confirms that the distribution has positively skewed behaviour of the histogram. 
Application
In this section we consider the data set represents the life of fatigue fracture of Kevlar 373/epoxy that are subject to constant pressure at the 90% stress level until all components had failed. The data set consist of 76 observations with the exact times of failures. The data have been obtained from Yolanda et al. [28] We compare the three parameter transmuted Rayleigh (3P-TR), two parameter Rayleigh (2P-R), Weighted Rayleigh (WR) and Rayleigh (R) distributions fitted to the fatigue fracture data. The required computation were performed by the BFGS method to minimize the total log likelihood function by using the statistical software package R [22] . Table 2 Table 2 indicate that the 3P-TR distribution has the lowest AIC, BIC and CAIC values than the 2P-R, WR and R distributions and therefore it could be chosen as the best model. We also perform the graphical goodness of fit in Figure 6 , Plots of the histogram of the data with the fitted two different lifetime distributions. Figure 7 gives the empirical and fitted cumulative distribution functions of the three parameter transmuted Rayleigh (3P-TR) and two parameter Rayleigh (2P-R) distributions. We conclude from these plots that the 3P-TR distribution provides better fit than the 2P-R, WR and R distributions. Therefore the proposed model offers an attractive alternative to the 2P-R, WR and R distributions. Table 2 also suggests that the 3P-TR distribution provides the better fit for an application of the fatigue fracture data. Using the maximum likelihood estimates of the unknown parameters for fatigue fracture data with testing and the approximately 95% two sided confidence interval for the parameters α, and λ of the 3P-TR distribution displayed in Table 3 . 
